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Abstract 

The full parameter space of Hermitian quark mass matrices with four texture 
zeros is explored by using current experimental data. We find that all ten free 
parameters of the four-zero quark mass matrices can well be constrained. In 
particular, only one of the two phase parameters plays an important role in 
CP violation. The structural features of this specific pattern of quark mass 
matrices are also discussed in detail. 
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1 1 1 The texture of quark mass matrices, which can significantly impact on the pattern 
of quark flavor mixing, is completely unknown in the standard electroweak model. A theory 
more fundamental than the standard model is expected to allow us to determine the concrete 
structure of quark mass matrices, from which six quark masses, three flavor mixing angles 
and one CP-violating phase can fully be calculated. Attempts in this direction (e.g., those 
starting from supersymmetric grand unification theories and from superstring theories) are 
encouraging but have not proved to be very successful. Phenomenologically, a very common 
approach is to devise simple textures of quark mass matrices that can predict some self- 
consistent and experimentally-favored relations between quark masses and flavor mixing 
parameters [1]. The flavor symmetries hidden in such textures might finally provide us with 
useful hints about the underlying dynamics responsible for the generation of quark masses 
and the origin of CP violation. 

Without loss of generality, the quark mass matrices (up-type) and (down-type) 
can always be taken to be Hermitian in the standard model or its extensions which have 
no flavor- changing right-handed currents [2]. Physics is invariant under a common unitary 
transformation of Hermitian Mu and (i.e., Mu,d — > SM^^^S^ with S being an arbitrary 
unitary matrix) . This freedom allows a further arrangement of the structures of quark mass 
matrices, such that 
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hold [3]. We see that has two texture zeros and or has one texture zero [4]. 
Because the texture zeros of quark mass matrices in Eqs. (l)-(3) result from some proper 
transformations of the flavor basis under which the gauge currents keep diagonal and real, 
there is no loss of any physical content for quark masses and flavor mixing. But it is 
impossible to further obtain = for or D'^ = for via a new physics-irrelevant 
transformation of the flavor basis [3] . In other words, = D'^ = can only be a physical 
assumption. This assumption leads to the well-known four-zero texture of Hermitian quark 
mass matrices, which has the up-down parallelism and respects the chiral evolution of quark 
masses [5]. 

Although a lot of interest has been paid to the four-zero texture of Hermitian quark 
mass matrices [6,7], a complete analysis of its parameter space has been lacking. This un- 
satisfactory situation is partly due to the fact that many authors prefer to make instructive 
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analytical approximations in analyzing the consequences of and on flavor mixing 
and CP violation. Some non-trivial parts of the whole parameter space of Mu^d were unfor- 
tunately missed or ignored in such analytical approximations for a long time, as pointed out 
in Ref. [7]. 

The purpose of this short note is to make use of current experimental data to explore 
the complete parameter space of the four- zero quark mass matrices and M^. We find 
that the ten free parameters of and can well be constrained. In particular, only one 
of the two phase parameters plays an important role in CP violation. We shall also discuss 
the structural features of and in detail. 

Let us concentrate on the four-zero texture of Hermitian quark mass matrices given 



in Eqs. (1) and (2) with — 0. The observed hierarchy of quark masses (m^ <^ rric <^ rrit 
and nid <^ <^ mb) implies that \Aq\ > |-Bq|, |i?q| > |Cq| (for q = u or d) should in general 
hold [5]. Note that Mq can be decomposed into Mq 



PqtMqPq, where 
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arg(Cq). 



and Pq = Diag{l,exp(i0c;J,exp(i05^ + with 
For simplicity, we neglect the subscript "q" in the following, whenever it is unnecessary to 
distinguish between the up and down quark sectors. The real symmetric mass matrix M 
can be diagonalized by use of the orthogonal transformation 
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where Aj (for i = 1,2,3) are quark mass eigenvalues. Without loss of generality, we take 
A3 > and A > 0. Then Det(M) = -A|Cp < imphes that A1A2 < is required. It is 
easy to find that B, \B\ and |C| can be expressed in terms of Aj and A as 

S = Ai + A2 + A3 - ^ , 
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The exact expression of O turns out to be [7] 
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in which rj = \2/'m2 = +1 or —1 corresponding to the possibihty (Ai,A2) = (—mi, +7712) 
or {+mi, —7712). The Cabibbo-Kobayashi-Maskawa (CKM) flavor mixing matrix [8], which 
measures the non-trivial mismatch between diagonahzations of and M^, is given by 
V = 0;f (PuPj)Od. Explicitly we have 

Via = 0-,,0l + OlO^e^^- + OlOt^e^^^^^^^^ , (8) 

where the subscripts i and a run respectively over {u, c, t) and (d, s, 6), and two phases are 
deflned as 0i = (p^^ — (pQ and 02 = — . 

It is well known that nine elements of the CKM matrix V have six orthogonal relations, 
corresponding to six triangles in the complex plane [1]. Among them, the unitarity triangle 
defined by V*,yud + Kb^cd + l^fe^d = is of particular interest for the study of CP violation 
at S-meson factories [9] . Three inner angles of this triangle are commonly denoted as 



a — arg 

P = arg 



So far the angle (5 has unambiguously been measured from the CP-violating asymmetry in 
vs ^ J/i'K^ decays [10]. The angles a and 7 are expected to be detected at KEK 
and SLAC i?-meson factories in the near future. Given the four-zero texture of quark mass 
matrices, these three angles depend on the CP-violating phases 0i and 02- We shall examine 
the explicit dependence of (a,/5,7) on (0i,02) in the following. 

3 Now we explore the whole parameter space of and with the help of current 
experimental data. There are totally ten free parameters associated with M^^^: ^u,d; |-Su,d|; 
Bn,d-i |C'u,d| s-nd 01^2- In comparison, there are also ten observables which can be derived from 
the four-zero texture of quark mass matrices: six quark masses rric-, mt and m^, m^, rri},) 
and four independent parameters of quark flavor mixing (typically, \Vdj\-, and 

sin 2/3). Thus there is no problem to determine the complete parameter space of M^ d- 

(1) The first step of our numerical calculations is to find out the allowed ranges of A^/mt-, 
Ad/rub, (f)i and 02 by using Eqs. (6)-(9). For this purpose, we adopt the following reasonable 
and generous values of quark mass ratios at the electroweak scale = Mz [1,9]: 

rrir 

— = 270- 350, — = 17- 25; 

ruu rud 

^ = 260 - 320 , ^ = 35 - 45 . (10) 

rric TTT-s 

The predictions of and for the CKM matrix elements are required to agree with 
current experimental data [10,11]: 



iKsl = 0.2240 ±0.0036 , 
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Vcb 
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0.086 ± 0.008 , 



KbI = (41.5 ± 0.8) X 10-^ , sin 2(3 = 0.736 ± 0.049 . (11) 
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Note that the results of V may involve a four-fold ambiguity arising from four possible 
values of {ri^,i]^) in and O^, as one can see from Eq. (7). To be specific, we first choose 
'7u = ''7d = +1 in our numerical analysis and then discuss the other three possibilities. 

The numerical results for A-a/rrit vs A^^/mb and 0i vs 02 are illustrated in Fig. 1. We 
see that the most favorable values of these four quantities are A-a/rrit ~ 0.94, A^/rrib ~ 0.94, 
01 ~ 0.57r and 02 ~ l.QGvr. Fig. 1(a) confirms that the (3,3) elements (i.e., A-^ ^ nit and 
Aa ~ rrib) are the dominant matrix elements in and M^- The strong constraint on 
01 comes from the experimental data on \Vus\ and sin 2/3; while the tight restriction on 02 
results from current data on \Vcb\- Because of sin0i ^ | sin02| as shown in Fig. 1(b), the 
strength of CP violation in the CKM matrix is mainly governed by 0i. In many analytical 
approximations, 0i ~ O.Svr and 02 = have typically been taken [6,7]. 

We find that both A^/mt and Ad/m^ are insensitive to the signs of r/u and ?7d. In other 
words, the allowed ranges oiA-a/rrit and A^/mi, are essentially the same in (t^^, t]^) = (±1, ±1) 
and (±1, =f1) cases. While 0i is sensitive to the signs of ?7u and r]d, 02 is not. To be explicit, 
we have 
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(12) 

The dependence of 0i on rj^ and 1]^ can easily be understood. Indeed, tan/5 oc rj^ri^ sin (f)i 
holds in the leading-order analytical approximation with | sin 02 1 <^ 1. Thus the positiveness 
of tan (3 requires that sin 0i and r^u^d have the same sign. 

(2) The second step of our numerical analysis is to determine the relative magnitudes of 
four non-zero matrix elements of Mu^d by using Eq. (6) and the results for A^/nit and A^/mf,. 
The numerical results for |_Bu|/a4u vs |i?d|/^dj Bu/\B^^\ vs i?d/|-Bd| and |Cu|/i?u vs |Cd|/-Bd 
are shown in Fig. 2. One can see that the most favorable values of these six quantities 
are \Bu\/A^ ~ 0.25, BJ\B^\ ~ 0.3, \Cu\/B^ ~ 0.003 and \Bd\/Ad ~ 0.25, 5d/|5d| ~ 0.4, 
|C'd|/-Bd ~ 0.06. A remarkable feature of our typical results is that Aq, \Bq\ and Bq (for q = 
u or d) roughly satisfy a geometric relation: |i?qp ~ A^Bq [7]. In addition, |i?u| ^ rric and 
l-Bdl ^ iTT-s hold. While a very strong hierarchy exists between (1,2) and (2,2) elements of 
Mu^d; there is only a weak hierarchy among (2,2), (2,3) and (3,3) elements of M^^d- Such a 
structural property of quark mass matrices must be taken into account in model building. 

To be more exphcit, let us illustrate the texture of M^^d by choosing rric/mu — 320, 
fnt/f^c — 290, ms/rriii — 21 and nib/ms — 40. We obtain 
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where e ~ 0.24 in this special case [12]. Such a four- zero pattern of quark mass matrices 
depends on a small expansion parameter and is quite suggestive for model building. For 
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example, one may speculate that and in Eq. (13) could naturally result from 
a string-inspired model of quark mass generation [13] or from a horizontal U(l) family 
symmetry and its perturbative breaking [14]. 

Note that the numerical results in Fig. 2 and Eq. (13) have been obtained by taking 

= = +1- A careful analysis shows that (for q = u or d) is sensitive to the sign of 
Tjq, but l-Bql and |Cq| are not. In view of Eq. (6), wc find that the sign of ?7 = \2/fn2 may 
significantly affect the size of B if its A2 and A3 — A terms are comparable in magnitude. 
In contrast, the dependence of |5| on is negligible due to yl ^ 777.2; and |C| is completely 
independent of the sign of 77. 

(3) The final step of our numerical analysis is to examine the outputs of three CP- 
violating angles (a,/3, 7) and the ratio \Vub/Vch\ constrained by the four-zero texture of 
quark mass matrices. We plot the result for iKtfe/Kbl vs sin 2/3 in Fig. 3(a) and that for a vs 
7 in Fig. 3(b). The correlation between a and 7 is quite obvious, as a result of a + (3 + j = tt. 
Typically, a ~ O.Stt holds. The possibility a ~ 7, implying that the unitarity triangle is 
approximately an isoceless triangle [15], is also allowed by current data and quark mass 
matrices with four texture zeros. Note that the size of sin 2/? increases with |T4b/Kfe|- This 
feature can easily be understood: in the unitarity triangle with three sides rescaled by \Vcb\, 
the inner angle f3 corresponds to the side proportional to |Vu6/K;6|- 

Finally we mention that the outputs of and (a,/?, 7) are completely insensitive 

to the sign ambiguity of rj^ and rj^. 

In summary, we have analyzed the complete parameter space of Hermitian quark 



mass matrices with four texure zeros by using current experimental data. It is clear that 
the four-zero pattern of quark mass matrices can survive current experimental tests and its 
parameter space gets well constrained. We find that only one of the two phase parameters 
plays a crucial role in CP violation. The (2,2), (2,3) and (3,3) elements of the up- or down- 
type quark mass matrix have a relatively weak hierarchy, although their magnitudes are 
considerably larger than the magnitude of the (1,2) element. Such a structural feature of 
the four- zero quark mass matrices might serve as a useful starting point of view for model 
building. 

We remark that the phenomenological consequences of quark mass matrices depend both 
on the number of their texture zeros and on the hierarchy of their non- vanishing entries. The 
former are in general not preserved to all orders or at any energy scales in the unspecified 
interactions which generate quark masses and fiavor mixing [16]. But an experimentally- 
favored texture of quark mass matrices at low energy scales (such as the one under discussion) 
is possible to shed some light on the underlying fiavor symmetry and its breaking mechanism 
responsible for fermion mass generation and CP violation at high energy scales. 

This work was supported in part by National Natural Science Foundation of China. 

Note added: While our paper was being completed, we received a preprint by Zhou [17], 
in which all possible four- zero textures of quark mass matrices are classified and computed. 
The analyses, results and discussions in these two papers have little overlap. 
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FIG. 1. The allowed ranges of Au/mt vs Ad/rub and cpi vs 4)2 for the four-zero texture of quark 
mass matrices with rj^ = f/d = +1- 
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FIG. 2. The allowed ranges of \B^\/A^ vs |-Bd|Md, BJ\B^\ vs i?d/|Sd| and |Cu|/5u vs |Cd|/5d 
for the four-zero texture of quark mass matrices with ?7u = ?7d = +1- 
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FIG. 3. The allowed ranges of iV^b/Kbl vs sin 2/3 and a vs 7 for the four-zero texture of quark 
mass matrices with ?7u = ??d = +1- 
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